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Summary. In surveys of natural populations of animals, a sampling protocol is often spatially replicated
to collect a representative sample of the population. In these surveys, differences in abundance of animals
among sample locations may induce spatial heterogeneity in the counts associated with a particular sampling
protocol. For some species, the sources of heterogeneity in abundance may be unknown or unmeasurable,
leading one to specify the variation in abundance among sample locations stochastically. However, choosing
a parametric model for the distribution of unmeasured heterogeneity is potentially subject to error and can
have profound effects on predictions of abundance at unsampled locations. In this article, we develop an
alternative approach wherein a Dirichlet process prior is assumed for the distribution of latent abundances.
This approach allows for uncertainty in model specification and for natural clustering in the distribution
of abundances in a data-adaptive way. We apply this approach in an analysis of counts based on removal
samples of an endangered fish species, the Okaloosa darter. Results of our data analysis and simulation
studies suggest that our implementation of the Dirichlet process prior has several attractive features not
shared by conventional, fully parametric alternatives.

Key words: Abundance heterogeneity; Bayesian nonparametrics; Empirical Bayes; Model uncertainty;
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1. Introduction
In studies of animal populations, various sampling protocols,
such as mark–recapture, multiple-observer sampling, or re-
moval sampling, are used to estimate abundance when an-
imals cannot be captured or detected with absolute cer-
tainty. In these surveys the sampling protocol is often re-
peated at different locations (sample units) that are selected
to be representative of the entire population of individuals.
The spatial referencing inherent in these surveys can some-
times be exploited to improve estimates of animal abun-
dance and occurrence, particularly in species of individuals
that exhibit territorial behavior or other forms of site fi-
delity. For example, Royle and Dorazio (2006) describe a
flexible hierarchical modeling framework for estimating an-
imal abundance and occurrence from spatially referenced
counts. In this framework, heterogeneity in abundance or de-
tection may be specified by partitioning the variation among
sites into a systematic component, using site-level covari-

ates, and a stochastic component, using simple distributional
assumptions.

This approach, though often satisfactory, is vulnerable in
some instances to errors in model specification that may be
difficult or impossible to assess. For example, with some an-
imal populations, heterogeneity in abundance is thought to
exist among sites but the sources of heterogeneity are either
poorly understood or unobservable. Many species of salaman-
ders, for example, are highly abundant at some locations and
less abundant, or even absent, at others. Site-level covariates,
such as soil pH or water temperature, that are thought to
be informative measures of habitat at the beginning of a sur-
vey, may provide little help in accounting for the differences
in abundance among sample locations during data analysis
(Jung et al., 2000; Hyde and Simons, 2001; Dodd and Dorazio,
2004). In this situation, an analyst may be tempted to spec-
ify the variation in abundance using a simple distributional
assumption (say, log normal) for the stochastic component of
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the model; however, doing so can produce undesirable effects
on estimates of site-level abundance (e.g., bias due to excessive
shrinkage). Moreover, the errors associated with such overly
simplistic modeling assumptions may be even higher when
the goal of the analysis involves prediction of abundance at
unsampled locations.

An alternative approach, which we describe here, is to add
another level of model uncertainty by assuming a “prior” on
the space of distribution functions associated with the site-
level abundance parameters. Construction of probability mea-
sures on the space of distribution functions has received con-
siderable attention in the Bayesian nonparametrics literature
(Ghosh and Ramamoorthi, 2003), and the implementation of
these sophisticated constructions in practical problems has
been made feasible by modern methods of Bayesian computa-
tion and efficient algorithms (MacEachern and Müller, 1998;
Neal, 2000; Ishwaran and James, 2001). In the present article
we use the Dirichlet process, a probability measure defined
by Ferguson (1973), to specify prior uncertainty in the model
of heterogeneity in abundance. The Dirichlet process is a cor-
nerstone of Bayesian nonparametrics (Müller and Quintana,
2004). A rich literature exists on its theoretical properties
(Blackwell and MacQueen, 1973; Korwar and Hollander, 1973;
Antoniak, 1974; Sethuraman, 1994; Diaconis and Kemper-
man, 1996; Cifarelli and Melilli, 2000), and it has been used
in a variety of problems including density estimation, non-
parametric regression, and hierarchical models (Escobar and
West, 1995; Müller, Erkanli, and West, 1996; Mukhopadhyay
and Gelfand, 1997; Gelfand, Kottas, and MacEachern, 2005;
Sinha et al., 2005; Teh et al., 2006).

Figure 1. Map of locations sampled in 2005 survey of Okaloosa darters. Inset shows the approximate location of the survey
region in northwest Florida.

In our problem of estimating heterogeneity in animal abun-
dance, the Dirichlet process prior has several naturally appeal-
ing features, not the least of which is robustness to errors in
model specification, as will be evident in our analyses of real
and simulated data. Our work is motivated by surveys under-
taken recently to estimate abundance of an endangered fish
species, the Okaloosa darter (Etheostoma okaloosae). The only
known population of this species occurs in six streams with a
457-km2 watershed in northwest Florida (United States Fish
and Wildlife Service, 1998). Removal samples of Okaloosa
darters collected in 2003 and 2004 revealed substantial het-
erogeneity in the abundance of these fishes among sample lo-
cations (Dorazio, Jelks, and Jordan, 2005; Royle and Dorazio,
2006); however, the geographic coverage of these surveys was
not extensive. In 2005 a range-wide survey was completed to
estimate the total number of darters in the population by
combining estimates at sampled locations with predictions at
unsampled locations. In this survey 53 locations were selected
throughout the known geographic range of Okaloosa darters
(Figure 1). The intent was to select a collection of sites that
was representative of the entire population of darters. Ide-
ally, the sample would have included one or more site-level
covariates that were informative of the differences in darter
abundance among locations; however, none of the covariates
that were observed (e.g., water temperature, turbidity, sub-
strate composition, canopy cover) proved to be useful in this
regard. More importantly, these covariates are not routinely
measured at unsampled locations and therefore could not be
used in prediction. We are currently attempting to assemble
a geographic database of landscape features and management
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activities (e.g., stream discharge, forest cover, erosion control)
that would allow the quantity and quality of darter habitat
to be calculated at locations throughout the darter’s range.
However, this work is ongoing, and there is no guarantee that
such calculated measures of habitat will prove to be associ-
ated with site-level abundances. Therefore, in this article, we
develop a model for predicting site-level abundances of darters
while accounting for substantial, but unmeasured, sources
of variation in abundance that are thought to exist in the
population.

The remainder of this article is organized as follows: In
Section 2, we develop a hierarchical modeling framework for
estimating animal abundance and occurrence from the spa-
tially referenced counts observed in commonly used sampling
protocols. This includes a general description of the Dirich-
let process prior and a more specific description of its use in
our model. Section 3 contains important guidelines for model
fitting and prediction of abundances. In Section 4, we fit the
model to Okaloosa darter counts and compare the results with
fully parametric predictions to illustrate the advantages of the
Dirichlet process prior. We also use simulation studies to ex-
plore the effects of sample size and the possibility of detecting
spurious heterogeneity when none is present. Section 5 con-
tains our conclusions and a description of potential uses of
the Dirichlet process prior in other ecological problems.

2. Hierarchical Model
2.1 Sampling Protocol and Data Model
Suppose a particular sampling protocol is applied at each of
the n locations (sample units) that constitute a representa-
tive sample of the entire population of animals. We assume
that these locations and the method and duration of sampling
can be selected to ensure that the local abundance of animals
within each sample unit is demographically closed during the
survey. However, we do not mean to imply that individual
animals cannot move among locations once sampling is com-
pleted. For our purposes, the sampling frame may be regarded
as a metapopulation of animals (Hanski and Simberloff, 1997),
a collection of spatially distinct subpopulations (local popu-
lations) that occasionally intermix.

Let Ni (i = 1, . . . ,n) denote the unknown number of animals
that are available to be detected or captured within sample
unit i, and let xi denote the vector of counts observed when a
particular sampling protocol is used to detect the Ni animals.
As noted by Royle and Dorazio (2006), the sampling protocol
determines the precise structure of the observation vector xi
and its corresponding model. Many common protocols (e.g.,
capture–recapture, removal sampling, double-observer sam-
pling) induce a dependence among the elements of xi that
may be specified with a multinomial probability mass func-
tion (PMF). The counts observed in simpler protocols, such
as independent point counts, can be modeled as a product
of binomial PMFs with common index. Without loss of gen-
erality, let [xi |Ni, θi] denote the conditional distribution of
the observed sequence of counts given a multinomial (or bi-
nomial) index Ni and given a parameter θi, which denotes
the probability of observing an individual at site i with the
sampling protocol. For example, if removal sampling is used,
the number of animals observed in the jth of Ji successive
removals is modeled using the multinomial cell probability

πij = θi(1 − θi)
j−1, and the PMF of the observed counts

is

f(xi |Ni, θi) =
Ni!

(Ni − xi·)!

Ji∏
j=1

xij !

×
(

Ji∏
j=1

π
xij
ij

)(
1 −

Ji∑
j=1

πij

)Ni−xi·

, (1)

where xi· =
∑Ji

j=1 xij is the total number of animals observed
at site i. In Web Appendix A, we provide the conditional
distributions needed to fit this model of removal counts using
Gibbs sampling. In general, however, the exact form of the
conditional distributions used in Gibbs sampling will depend
on the sampling protocol.

2.2 Abundance Model
The abundance model we describe here is motivated by an
all-too-common problem: substantial differences in abundance
are thought to exist among sites (say, owing to differences in
habitat) but the biologically relevant covariates of abundance
are either unknown or unmeasured. Therefore, we begin by
developing a model of abundance without spatial covariates;
later, we describe how this model can be extended to incorpo-
rate site-level covariates that are thought to account for some,
but not all, of the heterogeneity in abundance.

The Poisson distribution is a natural choice for modeling
local abundance; therefore, we assume [Ni |λi] ∼ Poisson(λi),
where λi denotes the mean abundance of animals within
the ith sample unit. Royle and Dorazio (2006) showed that
stochastic sources of variation in the mean abundance (which
imply extra-Poisson variation in local abundances) may be
specified using simple distributional assumptions. For exam-
ple, assuming a normal prior distribution for φi = logλi allows
the variation in abundance among sites to be specified with
only two parameters (φi ∼ N(α, σ2)). This prior, though of-
ten useful, is not always adequate for characterizing spatial
variation in local abundances. In fact, the precise form of the
prior may be unknown. For example, suppose differences in
mean abundance are associated with differences in habitat.
If the sample locations include several different habitats, the
distribution of local abundances could have multiple modes.
Unfortunately, in the absence of habitat covariate measure-
ments, the number of modes and their corresponding levels of
abundance are neither known nor easily specified.

The Dirichlet process provides a robust alternative for mod-
eling such unobserved sources of variation in abundance. We

describe it briefly as follows. Let [φi |G]
iid∼ G, where G de-

notes a random measure on the parameter space, say, Ω. The
Dirichlet process, as defined by Ferguson (1973), is a probabil-
ity measure defined on the space of all measures G such that
for every finite partition B1, . . . ,Bm of Ω, the vector of ran-
dom probabilities (G(B1), . . . ,G(Bm)) has a Dirichlet distri-
bution. Specifically, [G(B1), . . . ,G(Bm) | τ , G0] ∼ Dirichlet(τ ,
G0(B1), . . . ,G0(Bm)), where τ(> 0) is the Dirichlet precision
parameter, and G0 is a base measure defined on Ω. Then for
any measurable set B, E[G(B)] = G0(B). The above Dirichlet
process is formally denoted by DP(τ , G0).
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In practice, the base measure G0 specifies one’s “best guess”
of an underlying model of the variation in φ, and τ specifies
the extent to which G0 holds. In our model of mean abun-
dances, the base measure is assumed to be a normal distri-
bution, say N(α, σ2), parameterized by mean α and variance
σ2; this yields the following hierarchical model of abundance:

Ni | φi ∼ Poisson(exp(φi));

φi | G iid∼ G;

G | τ,N(α, σ2) ∼ DP (τ,N(α, σ2)).

(2)

Loosely speaking, the Dirichlet process may be thought of as
a prior on a function space, the space of all prior distribution
functions with common support. In this sense the Dirichlet
process specifies prior uncertainty in G. While the hierarchy
in (2) is conceptually appealing, a marginalization step is of-
ten used in actual implementation. Blackwell and MacQueen
(1973) proved that by integrating over G the joint distribu-
tion of φ = (φ1, . . . , φn) may be factored into a product of
successive conditional distributions of the following form:

φ1 | α, σ2 ∼ N(α, σ2);

φi | φ1, . . . , φi−1, τ, α, σ
2 ∼ 1

i− 1 + τ

i−1∑
j=1

δ(φj)

+
τ

i− 1 + τ
N(α, σ2),

where δ(φ) denotes a degenerate distribution of unit mass
centered at φ. This factorization implies that φ is randomly
partitioned into classes of distinct values such that elements
of φ within a class share the same value. Therefore, a ran-
dom draw from the Dirichlet process DP(τ , N(α, σ2)) may
be computed as follows:

φi | φ1, . . . , φi−1

=




φ∗
c with probability

ni,c
i− 1 + τ

φ ∼ N(α, σ2) with probability
τ

i− 1 + τ
,

(3)

where φ∗
c (c = 1, 2, . . . , k) denotes the cth of k distinct val-

ues in φ1:(i−1) = (φ1, . . . , φi−1) and ni,c =
∑i−1

j=1 I(φj = φ∗
c) de-

notes the number of elements in φ1:(i−1) that equal φ∗
c. In other

words, a random draw from DP(τ , N(α, σ2)) either equals one
of the previous draws or is drawn independently from the base
measure N(α, σ2).

The precision parameter τ corresponding to the Dirichlet
process prior plays an especially important role in the distri-
bution of φ. In (3), note that the probability that φi differs
from all previously drawn parameter values is proportional to
τ ; therefore, higher values of τ lead to a higher probability of
many unique values (i.e., a higher number of classes k relative
to the sample size n). In fact, given our assumption of a nor-
mal base measure N(α, σ2), the hierarchical model described
by Royle and Dorazio (2006) corresponds to a limiting form
of our Dirichlet process mixture (i.e., as τ → ∞). Therefore,
the Dirichlet process provides a natural extension of the para-
metric model developed by Royle and Dorazio (2006). We will
have more to say about the importance of τ in this context
in Section 3.

2.3 Detection Model
Following Royle and Dorazio (2006), we assume that the prob-
ability of detection at site i, θi, is fixed and that the varia-
tion in detectability among sites may be modeled using an
exchangeable prior. For example, here we use a beta(a, b)
distribution to specify stochastic variation in θi. More sophis-
ticated models of detection are possible if site-level covariates
are available and are thought to be informative of the varia-
tion in detection probabilities among sample locations (Royle
and Dorazio, 2006); however, in the situation we address here
such covariates are assumed to be unavailable.

3. Model Fitting and Prediction
For many common sampling protocols, the conditional poste-
rior distributions of the model parameters will have nonstan-
dard forms. In the Web Appendix, we provide the conditional
distributions needed for our analysis of removal counts in Sec-
tion 4. In general, we adopt Markov chain Monte Carlo tech-
niques (Robert and Casella, 2004) to generate random obser-
vations from these distributions. We chose prior distributions
of our model’s hyperparameters (τ , α, σ2, a, b) to specify
prior indifference in their magnitudes. Based on preliminary
calculations, posterior inferences appeared to be insensitive
to our choice of priors with the exception of one parameter,
τ , the Dirichlet precision. In particular, we fitted the model
using a variety of gamma distributions as priors for τ and dis-
covered that the choice of prior exerts a strong influence on
the posterior of τ and other model parameters. In retrospect,
this is not really surprising. The conditional posterior density
function of τ depends only on the realized number of classes
k, the sample size n, and the prior density π(τ) as follows:

p(τ | ·) ∝ p(k | τ, n)π(τ)

∝ τk
Γ(τ)

Γ(τ + n)
π(τ)

(4)

(Escobar and West, 1995). Therefore, Gibbs samples of τ de-
pend only on n and k, allowing π(τ) to exert considerable
influence on the posterior. In these circumstances, the desir-
able feature of robustness that provided our motivation for
using a Dirichlet process cannot be attained because infer-
ences are sensitive to the choice of prior on τ . Consequently,
we developed an alternative to a fully hierarchical Bayesian
specification of the model on τ , which we describe in the next
section.

3.1 Empirical Bayes Estimation of τ
Prior sensitivity in estimating τ has been noted in other ap-
plications of the Dirichlet process, leading Liu (1996) and
McAuliffe, Blei, and Jordan (2006) to suggest an empirical
Bayes approach wherein posterior inferences are computed
while conditioning on a maximum likelihood estimate (MLE)
of τ . Calculating the MLE of τ is computationally intensive,
requiring repeated applications of a Gibbs sampler, which we
now describe.

The fundamental result to be exploited is Theorem 4 of Liu
(1996), which establishes that the MLE of τ satisfies an equiv-
alence between the conditional prior and conditional posterior
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means of K (=a random variable for the number of distinct
classes). More specifically, Liu proved

E(K | n, τ̂ ,data) = E(K | n, τ̂)

=

n∑
i=1

τ̂

τ̂ + i− 1

where τ̂ denotes the MLE of τ . This result suggests that τ̂
may be computed as follows:

1. Use Gibbs sampling to generate a sample of the pos-
terior conditioned on a fixed value of τ . Initially this
value is just a guess within the range 1/logn to n/logn
(McAuliffe et al., 2006).

2. Approximate the posterior mean E(K | n, τ , data)
by averaging the values of k in the posterior sample:
k̄ = 1

R

∑R

r=1 k
(r), where k(r) denotes the simulated

value of k in the rth draw of a posterior sample of
size R.

3. Compute the value of τ that satisfies k̄ =
∑n

i=1 τ/
(τ + i− 1).

4. Repeat Steps 1–2 using the value of τ obtained in Step 3
until convergence.

Thus, the MLE of τ is computed by alternating between infer-
ence and estimation steps. Inferences for all other parameters
(that is, other than τ) are computed by conditioning on τ̂ ,
the value of τ at convergence. It is natural to consider the po-
tential effects of uncertainty in τ̂ on inference of other model
parameters. Though some analysts would adopt a prior for τ
centered at τ̂ , we chose to avoid this double use of the data.
Sensitivity analyses (not shown) indicate that this practice
does not allow much learning to occur (i.e., prior ≈ posterior).

3.2 Prediction of Abundance
Predictions of abundance are often required at one or more
unsampled locations. The Dirichlet process mixture pro-
vides predictions of abundance that are robust to errors in
model specification. Moreover, calculating a draw from the
posterior–predictive distribution of abundance is no more dif-
ficult than calculating a draw from the Dirichlet process prior
(in (3)). For example, let φ̃ denote the mean abundance (on
a logarithmic scale) of animals at an unsampled location. A
random draw from the posterior predictive distribution of φ̃
is computed as follows:

φ̃(r) | φ(r) =



φ
∗(r)
c with probability

n
(r)
c

n + τ̂

φ ∼ N(α(r), σ2(r)) with probability
τ̂

n + τ̂
,

(5)

where the parenthesized superscript r denotes a random draw
from the posterior distribution of model parameters, φ

∗(r)
c

(c = 1, 2, . . . , k(r)) denotes the cth of k(r) distinct values

in φ(r), and n
(r)
c =

∑n

j=1 I(φ
(r)
j = φ

∗(r)
c ) denotes the number

of elements in φ(r) that equal φ
∗(r)
c . A random draw from

the posterior predictive distribution of animal abundance
Ñ at an unsampled location is then computed as follows:
Ñ (r) ∼ Poisson(exp(φ̃(r))).

4. Analysis of Removal Counts
4.1 Okaloosa Darters
In July and August of 2005, the entire geographic range of
Okaloosa darters was surveyed by collecting removal samples
at each of 53 representative locations (Figure 1). At 25 of these
locations, darters were detected and removed (using snorkel
and dip net) in three successive passes of a 20-m stream reach,
as described by Dorazio et al. (2005). At the remaining loca-
tions, darters were simply counted in a single pass of each
stream reach. Two experienced biologists collected all of the
samples, dividing the 53 sites about evenly between them. On
average, these biologists required only a few hours to collect
darters from each location. Given the short duration of sam-
pling and the strong affinity of this species for its habitat, the
local population of darters in each stream reach may safely
be assumed to have been demographically closed during the
survey.

The number of darters observed in the first pass of each
sample location ranged from 0 to 202 fishes, suggesting
substantial heterogeneity in local abundances (Table 1). At
locations where multiple passes were taken, removal counts
declined in successive passes indicating that sampling was
successful in depleting the local populations of darters. We fit
the model described in Section 2 to the removal counts using
Gibbs sampling (see Web Appendix A). The joint posterior
distribution of the model’s parameters revealed heterogene-
ity in both abundance and detection (Table 2). The posterior

Table 1
Number of darters removed at each of 53 locations

Removal pass Removal pass
Sample Sample
location 1st 2nd 3rd location 1st 2nd 3rd

1 118 48 19 28 0 – –
2 23 5 2 29 38 – –
3 134 51 21 30 61 18 10
4 50 24 11 31 18 – –
5 53 15 9 32 1 – –
6 88 40 17 33 48 – –
7 21 16 6 34 8 – –
8 11 6 2 35 26 – –
9 0 0 0 36 28 – –
10 40 22 8 37 32 – –
11 0 1 0 38 21 – –
12 78 55 33 39 21 – –
13 108 – – 40 24 12 8
14 42 27 17 41 17 – –
15 89 26 11 42 82 – –
16 50 34 17 43 16 – –
17 76 49 29 44 30 15 4
18 55 – – 45 0 – –
19 26 14 4 46 13 – –
20 41 21 8 47 21 – –
21 75 36 29 48 0 – –
22 34 10 3 49 0 – –
23 28 8 1 50 67 – –
24 8 – – 51 6 – –
25 6 – – 52 8 2 2
26 35 – – 53 202 – –
27 61 – –
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Table 2
Posterior summary statistics obtained by fitting the model with

Dirichlet process prior to the removal counts in Table 1

Parameter Median Mean 95% credible interval

a/(a + b) 0.52 0.52 0.47–0.57
a + b 34.7 41.8 13.0–114.6
α 3.64 3.58 2.33–4.50
σ 1.73 1.82 1.09–3.08
K 21.0 21.3 16–27

mean probability of detection, estimated as a/(a + b), was
0.52 (95% credible interval = 0.47–0.57), and the mean pre-
cision of detection probabilities, estimated as a + b, was 41.8
(95% credible interval = 13.0–114.6). Thus, variation in detec-
tion probabilities, while present, appears to have been a mi-
nor component of the intersite variation in removal counts. In
contrast, the joint posterior revealed substantial variation in
abundance among sites and also considerable clustering. For
example, the MLE of the Dirichlet precision parameter was
12.9, and the posterior mean number of classes was 21.3, less
than half the sample size (n = 53). It is a coincidence that the
posterior mean number of classes is close to 25, the number
of “informative” sites where three removal counts were ob-
served. If the analysis had included only the data from these
sites, we would have estimated the MLE of the Dirichlet pre-
cision parameter to be 10.4 and the posterior mean number
of classes to be 13.1, again roughly half the sample size.

A histogram approximation of the posterior–predictive dis-
tribution of mean abundance φ̃ was computed using random
draws of (5) and an optimal bin width as described by Wand
(1997). The distribution of φ̃ contains several modes that
are associated with different levels of darter abundance (Fig-
ure 2). However, the magnitude of these differences appears
understated owing to the logarithmic scaling of φ̃.

Figure 3 illustrates the posterior–predictive distribution of
local abundance Ñ , which is defined on an arithmetic scale.
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Figure 2. Comparison of posterior–predictive distributions of mean abundance φ̃ of Okaloosa darters based on assuming a
DP(τ , N(α, σ2)) prior (upper panel) or a normal N(α, σ2) prior (lower panel).

The predictive probabilities associated with Ñ = 0, 1, . . . , 300
were computed using Monte Carlo averaging, Pr(Ñ = N) =

R−1
∑R

r=1 g(N | exp(φ̃(r))), where g(· | λ) denotes the PMF
of a Poisson distribution with mean λ. Thus, Figure 3 was
produced without any binning of abundances owing to the
discrete support of the predictive distribution. The distribu-
tion of Ñ is multimodal, containing at least five discernable
peaks of abundance that span two orders of magnitude. For
example, the probability that an unsampled location contains
fewer than five darters is relatively high (0.13); at the opposite
end of the distribution, relatively high abundances of darters
(100 and 200 fishes per stream reach) also appear to have
nonnegligible probability.

As a comparison, we fit a model to the darter counts that is
identical to that described in Section 2 except that a normal
N(α, σ2) prior was assumed for φ. This “reduced” model
is included in the class of models described by Royle and
Dorazio (2006). The posterior predictive distributions of φ̃
and Ñ under this model are unimodal (Figures 2 and 3) and
do not contain the clusters of abundance that are evident
if one assumes a DP(τ , N(α, σ2)) prior. The model based
on the normal prior therefore appears to “oversmooth” the
heterogeneity in abundance of darters.

An important consequence of this oversmoothing is that
the normal prior does not provide satisfactory predictions
of total population size. We computed a random draw from
the predictive distribution of the total number of Okaloosa
darters in the population by adding random draws from the
posterior distributions of local abundance associated with the
53 sample locations (i.e., {Ni}) to 6606 random draws from
the posterior–predictive distribution of abundance at an un-
sampled location (i.e., Ñ), as described in Section 3.2. The
number of unsampled stream reaches (6606) was obtained by
dividing the total length of streams in the watershed by the
length of a stream reach in our sample (20 m). These cal-
culations were repeated 20,000 times to obtain a sample of
20,000 draws from the predictive distribution of total popu-
lation abundance. There are conspicuous differences between
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Figure 3. Comparison of posterior–predictive distributions of local abundance Ñ of Okaloosa darters based on assuming a
DP(τ , N(α, σ2)) prior (upper panel) or a normal N(α, σ2) prior (lower panel).

the predictive distributions of total abundance obtained by
assuming a DP(τ , N(α, σ2)) prior and a normal N(α, σ2)
prior (Figure 4). The former has a lower mean (550,000) and
is less variable (SD = 8200). In contrast, when a normal prior
is assumed, its predictions oversmooth the variation in lo-
cal abundance, yielding predictions of total population abun-
dance that are higher (mean = 623,000) and more variable
(SD = 11,500).

It is worth noting that local abundance Ni and local de-
tection probability θi are confounded at more than half of
the locations in our sample where only one sample was taken.
However, an important benefit of our hierarchical modeling
framework is that these parameters can actually be estimated.
The locations with three removals provide enough information
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Figure 4. Comparison of posterior–predictive distributions of total population abundance of Okaloosa darters based on
assuming a DP(τ , N(α, σ2)) prior (upper panel) or a normal N(α, σ2) prior (lower panel).

about the extent of variation in local abundance and detec-
tion to inform the inferences at sites with only 1 pass. For
example, recall that we estimated that variation in detection
among sample locations is relatively low; therefore, the poste-
rior distributions of θi at sites with only one observed count
tend to be centered near the posterior mean probability of
detection (0.52), and estimates of Ni at these sites essentially
amount to upward adjustments of the observed count, i.e.,
xi1/θ̂i.

4.2 Simulated Populations
We completed two simulation studies to examine the robust-
ness of predictions of abundance based on the Dirichlet pro-
cess prior to errors in model specification. In the first study
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we fit the model described in Section 2 to simulated removal
counts where the heterogeneity in mean abundance for n =
10, 25, 53, or 100 locations was induced by drawing each ele-
ment of φ from a finite mixture of three normal distributions,
N(log(4), 0.252), N(log(40), 0.252), and N(log(200), 0.12),
with mixing proportions, 0.6, 0.25, and 0.15, respectively. The
purpose of this study was to specify a multimodal distribu-
tion of abundances using a model not based on the Dirichlet
process and to examine whether the Dirichlet process prior
provided a satisfactory approximation of this distribution us-
ing samples of various sizes. Given a simulated value of φi,
local abundance Ni was computed as a random draw from
a Poisson distribution with mean exp(φi). We assumed that
three successive removals were collected at each site, except
in samples of n = 53 sites where only one removal count was
observed in 28 of the sample locations. This sampling protocol
corresponds to that used in the survey of Okaloosa darters.
The simulated vector of removal counts was computed as a
multinomial draw (using (1)). The site-specific probability of
detection and removal in a single pass was computed as a ran-
dom draw from a beta distribution with mean a/(a + b) = 0.5
and precision (a + b) = 25. These values are approximately
equal to the posterior modes of these parameters estimated
in the analysis of darter counts.

We fit the model to the simulated removal counts using
Gibbs sampling, as described earlier. Computing the MLE
of the Dirichlet precision parameter τ is computationally in-
tensive; therefore, we fit the model to only three samples of
counts for each value of n. In samples of n = 10 sites, we were
unable to estimate any clustering in the predictive distribu-
tion of mean abundances. In larger samples the predictive
distributions of mean abundance φ̃ seemed to approximate
the number and location of abundance peaks in the three-
component normal mixture (Figure 1 in Web Appendix B);
however, the level of agreement was certainly not perfect, nor
did it appear to vary with sample size. One would expect
the level of agreement between the predictive distributions
of abundance and the “true” data-generating distribution to
improve in larger samples (i.e., n � 100), but the amount of
computation required to fit such samples made this impossi-
ble for us to investigate. We note that the predictive density of

φ̃ is also the posterior expectation E(G |data), where φi
iid∼ G

and G ∼ DP(τ , G0) (cf. Section 2.2). When the true under-
lying distribution being modeled is a location-scale mixture
of normals, as in our simulation, consistency of the poste-
rior using a Dirichlet mixture of normals as a prior on the
unknown density has been established by Ghosal, Ghosh, and
Ramamoorthi (1999). Under certain mild conditions, the con-
vergence rate for estimating mixtures of normal densities us-
ing a Dirichlet mixture prior is known to be log(n)κ/(n)1/2,
where κ > 1 is a constant that depends on the type of the true
mixture density and on the prior distributions of the parame-
ters of the base measure G0 (Ghosal and van der Vaart, 2001).
Given our choice of priors on α and σ, a product of normal
and uniform densities (see Web Appendix A), Theorem 6.2 of
Ghosal and van der Vaart ensures that the posterior density
is closer to the true mixture of normals (in terms of Hellinger
distance metric) with increases in n. That we do not observe it
numerically in Figure 1 of Web Appendix B is a consequence
of lack of replication.

A second simulation study was completed to examine
whether the Dirichlet process prior is prone to overfitting, i.e,
does the model detect clusters of abundance when no clus-
tering is present? We fit the model described in Section 2 to
simulated removal counts where the heterogeneity in mean
abundance for n = 25 locations was induced by drawing each
element of φ from a single normal distribution N(log(40),
1.42). We assumed that three successive removals were col-
lected at each site and calculated the removal counts using
random multinomial draws, as described in the first simula-
tion study. We fit the model to three simulated samples of
removal counts using Gibbs sampling. The predictive distri-
butions of mean abundance φ̃ computed for these samples all
appeared to be unimodal and to be reasonable approxima-
tions of the normal, data-generating distribution (Figure 2 in
Web Appendix B); therefore, analyses based on the Dirichlet
process prior do not appear to infer clustering when none is
present.

5. Discussion
Spatial heterogeneity in abundance is commonly observed in
natural populations of animals. In many species the sources
of this heterogeneity are either unknown or only incompletely
understood. Spatial covariates that are thought to be good
predictors of an animal’s habitat before a survey is under-
taken often fail to account for much of the observed variation
in abundance after the survey is completed. In these circum-
stances the calculation of accurate predictions of abundance
becomes problematic.

Our results suggest that the Dirichlet process prior may
provide a satisfactory model in cases where the sources of het-
erogeneity in animal abundance are unobserved. The Dirich-
let process prior is robust to errors in model specification
and allows heterogeneity in abundance to be specified in a
data-adaptive way. For example, the predictive distribution of
abundance based on our Dirichlet process prior can be mul-
timodal owing to its natural potential for identifying clusters
(Blackwell and MacQueen, 1973; Escobar and West, 1995).
Furthermore, neither the number nor location of clusters
needs to be specified explicitly. In contrast, standard paramet-
ric prior distributions of abundance, such as the lognormal,
cannot capture multimodality because of their shape restric-
tions. At the opposite end of the heterogeneity spectrum, if
the actual distribution of abundances can be approximated
by a unimodal distribution, the Dirichlet process prior also
adapts to this situation. In fact, the parametric model de-
scribed by Royle and Dorazio (2006) is a limiting case of our
Dirichlet process prior with τ → ∞, as described in Section
2.2. Therefore, the Dirichlet process prior is a natural exten-
sion of this fully parametric model.

Our implementation of the Dirichlet process prior is easily
extended to incorporate site-level covariates that are thought
to account for some, but not all, of the heterogeneity in abun-
dance. Assume that the mean abundance parameter φi at
site i equals the sum of a systematic component w ′

iα and a
stochastic component ai , where w i denotes a (possibly vector
valued) covariate of abundance observed at site i. Stochas-
tic sources of heterogeneity in abundance may be specified
with the Dirichlet process prior by assuming a zero-centered,
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normal base measure N(0, σ2); this leads to the following hi-
erarchical model of abundance:

Ni | α , ai ∼ Poisson(exp(w ′
iα + ai));

ai | G ∼ G;

G | τ,N(0, σ2) ∼ DP (τ,N(0, σ2)),

which is a natural extension of (2). The Gibbs sampler needed
to fit this extension obviously requires a different set of full
conditionals than those provided in Web Appendix A, but in
principle, the model can be fitted. In the analysis of data, one
may be tempted to build a model including several covariates
(i.e., w i and α of several components); however, the dimen-
sionality of the model may quickly get out of hand, and esti-
mation may become unstable, especially if the sample size n is
relatively low. Fortunately, the Dirichlet process prior in (2) is
able to capture the essential features of heterogeneity without
increasing the dimensionality of the problem. This illustrates
yet another attractive feature of the Dirichlet process prior.

We anticipate that the Dirichlet process prior will be useful
in other problems of ecological inference and prediction. For
example, parametric mixing distributions are commonly used
to specify latent sources of heterogeneity in detectability of
animals in models of site occupancy (Dorazio and Royle, 2005;
Royle, 2006) and in models of closed populations without spa-
tial referencing (Dorazio and Royle, 2003). In both cases the
assumed mixing distribution can exert considerable influence
on the ecologically important estimands (Link, 2003); there-
fore, the robustness properties of the Dirichlet process prior
may prove to be useful in these settings.

6. Supplementary Materials
Web Appendix A referenced in Sections 2 and 4 and Web
Appendix B referenced in Section 4.2 are available un-
der the Paper Information link at the Biometrics website
http://www.biometrics.tibs.org.
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